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Abstrat
The quanta of eletrial ondutane is derived for a one-dimensional
eletron gas both by making use of the quasi-lassial motion of a quan-
tum uid and by using arguments related to the unertainty priniple.
The result is extended to a nanowire of nite ross-setion area and
to eletrons in magneti eld, and the quantization of the eletrial
ondutane is shown. An additional appliation is made to the two-
dimensional eletron gas.
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Reently, there is a onsiderable deal of interest in the quantized eletri-
al ondutane of atomi and moleular ondutors like nanowires, narrow
atomi onstritions, quantum dots, arbon nanotubes, et.[1℄-[11℄ The eet
was originally predited by Landauer.[12℄-[14℄ We present here a new deriva-
tion of the quanta of eletrial ondutane for a one-dimensional eletron
gas, by making use of two proedures: the quasi-lassial approah to the
one-dimensional quantum eletron uid and by using arguments related to
the unertainty priniple. We extend the results to the quantization of the
eletrial ondutane in a quasi one-dimensional nanowire of nite area of
the ross-setion, where the eletron motion is onned to the transversal
diretions while the free longitudinal motion is subjeted to the ation of the
eletri eld. An appliation of this result is made for the two-dimensional
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eletron gas. Also, we apply the present approah to eletrons in a magneti
eld.
We onsider rst a one-dimensional (free) eletron gas in a ondutor of
length l and ross-setion area A. We onsider a purely quantum transport
in suh a ondutor, without sattering or thermal eets. The eletron den-
sity is given by n = gkF/piA, where kF is the Fermi wavevetor and g is a
degeneray fator (e.g. g = 2 for spin 1/2). In the presene of an eletri
eld E along the ondutor the density is modied at the Fermi level by δn,
suh that, loally, higher energy levels are oupied for the eletrons moving
oppositely the eld and Fermi energy levels are depleted for eletrons mov-
ing along the eld. We take the eld oriented along the negative x-diretion,
so the net ow of eletrons takes plae along the positive x-diretion. The
eletri eld is suiently weak and slowly varying suh that the eletrons
aquire a displaement u(x) whih obeys the quasi-lassial equation of mo-
tion mu¨ = eE, where m is the eletron mass and −e is the eletron harge.
The hange in the eletron density is given by δn = −n∂u/∂x, suh that the
density of eletrons partiipating in the eletrial ow is −δn. From these
two equations we get straightforwardly
m
d
dt
δn = −enE/vF (1)
for a onstant eld, where vF is the Fermi veloity. This is the basi equation
for omputing the eletrial urrent.
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Indeed, the eletrial ow (harge per
unit area of the ross-setion and per unit time) is given by j = −e(− ˙δn)l =
−e2nEl/mvF , hene the well-known eletrial ondutivity σ = e2nl/mvF .
The eletrial ow is negative, i.e. it is oriented along the eletrial eld as
it should be. For the one-dimensional gas n = gkF/piA and vF = ~kF/m,
so we get σ = g(2e2/h)(l/A), where h is Plank's onstant (~ = h/2pi).
The eletrial ondutane is G = σA/l = g(2e2/h). It an be written as
G =
∑
sG0, where s is the spin variable (e.g. s = ±1 for spin 1/2) and
G0 = 2e
2/h. We an see that the eletrial ondutane an only vary by
quanta G0, aording to spin degeneray.
It is worth noting that the same result an be obtained by applying the
unertainty priniple. Indeed, the equation of motion mdu˙/dt = eE an
also be written as mu˙ = eEτ , where τ is the time of motion. The eletrial
ow an be written as j = −eu˙δn, where δn = gδkF/piA is the density of
eletrons partiipating in ondution. Combining these two equations we
get j = −e2Eτδn/m and σ = e2τδn/m = ge2τδkF/piAm, whih is another
1
The quasi-lasssial motion of the one-dimensional quantum eletron gas was previ-
ously disussed in more detail in Ref. 15.
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representation for the eletrial ondutivity. Now we use the unertainty
priniple in the form τ = δnF (h/δE), where δnF = lδkF/2pi and the hange
in energy is given by
δE = ~
2
2m
(kF + δkF )
2 +
~
2
2m
(kF − δkF )2 − ~
2
m
k2F =
~
2
m
(δkF )
2 . (2)
The motion time given by the unertainty priniple orresponds to δnF yles
of quanta of ation h. The hange in energy given by (2) is also δE = −eV ,
where V is the voltage drop, whih shows that the voltage is also quantized.
We onsider the energy levels suiently dense as to allow a ontinuous
hange in the eletrial potential. Combining all these formula given above
we arrive again at the ondutane G = gG0.
Within the quasi-lassial desription by means of the displaement eld u
the eletrial eld is given by E = dϕ/du, where ϕ is the eletrial potential,
suh that the equation of motionmu¨ = eE ensures the onservation of energy.
This equation of motion an also be written as Π˙ = eE = edϕ/du, or u˙ =
edϕ/dΠ, where Π = mu˙ is the momentum assoiated to the eld u. One may
hek indeed that Π = ~δkF by making use of equation (2), so we may also
write u˙ = edϕ/dpF = edϕ/~dkF . Now the eletrial ow j = −eu˙δn beomes
j = −e2(dϕ/~dkF )δn = −e2(dn/~dkF )V (sine δn = (dn/dϕ)V ), hene the
eletrial urrent I = jA = −gG0V . This was, in essene, the original
argument of Landauer.[14℄ One an see that the ondutane is proportional
to the density of states.
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We onsider next a nanowire of thikness d (A = d2) and a onned transver-
sal motion of the eletrons, suh that the energy levels are given by
ε =
~
2k2
2m
+
pi2~2
2md2
(n21 + n
2
2) , (3)
where n1,2 are positive integers.
3
We have now multiple branhes of one-
dimensional eletron gas and the Fermi wavevetor depends on the duplex
(n1, n2). Therefore, the eletron density is given by
n = (g/piA)
∑
(n1,n2)
kF (n1, n2) (4)
and the eletrial ondutivity σ = e2nl/mvF beomes
σ = (e2l/piAm)
∑
(n1,n2),s
kF (n1, n2)/vF (n1, n2) . (5)
2
See in this respet Ref. 3.
3
We impose xed-ends boundary onditions for the transversal motion as for eletrons
onned in an innite potential well (see Refs. 1-3).
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By (3), the Fermi veloity is vF = ~kF/m, suh that the above eletrial on-
dutivity beomes σ = G0(l/A)M and the eletrial ondutane is quantized
aording to G = G0M , where
M =
∑
(n1,n2),s
1 (6)
is the number of branhes in the eletron spetrum (number of hannels),
spin inluded. One an see that M is the number of hannel eletron states,
so the ondutane an only hange in steps of quanta G0.
Now we want to ompute the number of hannels M for this model. We
assume a dense distribution of spetrum branhes and write n21 + n
2
2 = ρ
2
in
equation (3). The hemial potential µ is established by the equalities
µ =
~
2k2F
2m
+
pi2~2
2md2
ρ2 , (7)
hene the Fermi wavevetor kF whih is used in equation (4). The number
of hannels is then given by M = pigN2t , where Nt is the highest integer
ρ satisfying equation (7). It is given approximately by N2t = 2md
2µ/pi2~2.
Equation (4) an then be written as
n = (2g/A)
∫ Nt
0
dρ · ρ
√
2mµ/~2 − pi2ρ2/d2 . (8)
This equation gives a relationship between Nt and µ, whih, together with
the equation N2t = 2md
2µ/pi2~2 written above, serve to determine both the
hemial potential µ and the number Nt of transverse hannels, hene the
total number of hannels M , as a funtion of the density of the eletron gas.
The integral in equation (8) an be performed straightforwardly. We get
Nt = (3Nd/pigl)
1/3
andM = (pig)1/3(3Nd/l)2/3, where N is the total number
of eletrons and l is the length of the sample. The eletrial ondutane reads
G = G0(pig)
1/3(3Nd/l)2/3. This is the main result for the overall ontinuous
behaviour of the quantized ondutane of an ideal nanowire of nite ross-
setional area.
A simple appliation of the above result pertains to a two-dimensional ele-
tron gas with point ontats.[10℄ In this ase we may onsider that the energy
spetrum given by equation (3) ontains only one quantum number, say n1,
as orresponding to the quantized motion along one tranverse diretion. The
number of hannels is nowM = gNt, where Nt is given by µ = pi
2
~
2N2t /2md
2
.
The hemial potential µ an be obtained straightforwardly from equation
(4) as µ = 2pi~2An/gmd, whih leads to M = gNt = 2
√
gNd/pil. If we
4
take, as ususally, N = gW 2k2F/4pi, where W is the width of the ontats,
we get M = gkFW (d/l)
1/2/pi, whih is a slight generalization of the lassial
result veried experimentally in the quantized ondutane G = G0M of a
GaAs− AlGaAs heterostruture with ballisti point ontats.10
As it is well-known, for eletrons in a magneti eld H we an write the
energy levels as
ε =
~
2k2
2m
+ ~ωc(n + 1/2) + µBHs , (9)
where ωc = eH/mc is the ylotron frequeny, µB = e~/2mc is the Bohr
magneton and s = ±1. Equation (5) gives now G = G0M , where
M =
∑
ns
1 . (10)
It is approximately M = 2nl, whih is in fat twie the number of spetrum
branhes. We have also µ = ~ωcnl, where µ is the hemial potential given
by
n =
4eH
pich
∫ nl
0
dn
√
2mµ/~2 − 2mωcn/~ , (11)
whih is similar to equation (8). Here it is worth noting the well-known
transversal degeneray 2eHA/ch (≫ 1) of the energy levels in the magneti
eld. We get M = (3
√
pi/4
√
2)2/3n2/3ch/eH (whih should be muh larger
than unity). This main result allows the alulation of the quantized ondu-
tane G = G0M . It is worth emphasizing that the eletrial ondutane (or
magnetoresistane) an be varied in quantum steps by varying the magneti
eld, as it is well-known.
The inlusion in suh a treatment of interation, sattering or thermal eets
(or nite-size boundary eets), as well as other partiularities,
4
renders the
problem a bit more ompliated. Generally speaking, the starting point in
suh a treatment is the notion of elementary exitations and their lifetime.
Partiularly interesting is this problem for multi-wall arbon nanotubes, due
to their spei eletron energy struture.[6℄
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